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Graphs with Large Locating Rainbow Vertex
Connection Number

Tita Khalis Maryati'"* and Fawwaz Fakhrurrozi Hadiputra?

Abstract—The locating rainbow vertex connection number of
G, denoted by ruvcl(G), is the least positive integer k such
that there exists a k-coloring of (G that ensures G is rainbow
vertex-connected and each vertex has a distinct rainbow code.
To learn how this parameter behave in graphs, it is natural
to consider the extremal case. In this paper, we investigate
several graphs with the difference of its order and its locating
rainbow vertex connection number is not larger than three,
i.e. rvcl(G) € {n,n — 1,n — 2,n — 3} for graphs of order n.
Furthermore, we demonstrate the existence of a graph with
arbitrary large difference of its partition dimension and its
locating rainbow vertex connection number. The study provides
an overview of some structures that distinguishability under
chromatic constraints becomes most costly, as in large number
of colors needed.

I. INTRODUCTION

ET G be a simple, undirected and finite graph. For a

positive integer k, let ¢ be a function that maps the
vertices of GG to colors which are denoted by integers from
1 up to k inclusively. The map ¢ is said to be a proper
vertex coloring if every image of two adjacent vertices from
@ are distinct. Some applications of proper k-coloring are
found in index registers, scheduling problems, and frequency
assignments [19]. A natural variation of proper k-coloring
would be the assignment of colors for edges instead of vertices,
called proper edge coloring.

The concept of rainbow edge coloring emerged in the
broader context of graph theory. Introduced by Chartrand et al.
[7], the rainbow connection number is the minimum number
of colors needed to color the edges of a graph so that every pair
of vertices is connected by a rainbow path, that is a path where
no two edges share the same color. This idea was inspired by
earlier work on graph connectivity and edge coloring, such as
proper edge coloring (where adjacent edges must have distinct
colors) and the study of path connectivity in graphs. To date,
the study of rainbow connection number is still continuing [1],
[9].

Over time, Krivelevich and Yuster [15] considered its vari-
ation. For a positive integer k, a map from the vertices of G
to integers from 1 up to & inclusively is called rainbow vertex
coloring if for every two vertices u and v in G, there exists a
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path connecting v and v whose internal vertices have distinct
colors. In this case, we say u and v is rainbow-connected.
The smallest number £ such that there exists a rainbow vertex
coloring of G among all rainbow vertex coloring of G is said to
be rainbow vertex connection number of G, which is denoted
by rvc(G). Some recent progress of rainbow vertex connection
number can be seen in [8], [25].

Building on the idea of graph connectivity and coloring,
another fascinating concept in graph theory is the metric
dimension. The metric dimension of a graph is a measure of
how uniquely the vertices of the graph can be identified based
on their distances to a selected subset of vertices, called a
resolving set. Formally, a resolving set is a subset of vertices
S such that for every pair of distinct vertices w and v in
the graph, there exists at least one vertex s € S for which
the distance from s to u is different from the distance from
s to v. The minimum cardinality of such a resolving set
is called the metric dimension of the graph. This concept
was first introduced in the 1970s by Harary and Melter [10],
and later independently by Slater [20]. Lately, the study of
metric dimension has been conducted on circulant graphs [23],
amalgamation of theta graphs [24], the edge comb product of
graphs [17], [18]. Applications of metric dimension can be
seen in [16] and [21].

Moreover, there is another way to identify vertices using
partition of vertices. While the metric dimension focuses on
uniquely identifying vertices using distances to a resolving
set, the partition dimension extends this idea by considering
how vertices can be distinguished based on their distances to
a partition of the vertex set of a graph. In formal way, the
partition dimension of a graph, denoted by pd(G), is the least
integer k for which there exists a partition of the vertex set into
k subsets (called resolving partitions) such that every pair of
distinct vertices is distinguished by their distances to at least
one subset in the partition. This concept was introduced by
Chartrand et al. [6] as a generalization of the metric dimension.
Tomescu [22] characterized non-isomorphic graphs G of order
at least 7 with pd(G) = |V(G)| — 2. This result then got
revisions given in [2], [12]. In addition, a characterization
of non-isomorphic graphs G with pd(G) = |[V(G)| — 3 is
also determined [2], [12]. Furthermore, Haspika et al. [13]
determined the partition dimension of a grid graph. In addition,
Haryeni et al. [11] constructed several families of graphs with
partition dimension three.

Recently, a variant which combines the notion of rainbow
vertex coloring and partition dimension is introduced by Bus-
tan et al. [3]. These partition captures the vertex distinguisha-
bility and rainbow-connection simultaneously, which gives rise
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to an application for establishing building security systems [4].
Let k be a positive integer and ¢ : V(G) — {1,2,...,k} be
a map. Let IT = {Ry, Ro,..., R} be a partition of vertices
to colors where R; = {u € V(G) | ¢(u) = i}. A rainbow
path in G is a path such that there are no internal vertices of
the path that is contained in a same set R; for some i € [1, k].
The distance d(u, R;) is defined by the minimum of d(u,r)
for all » € R;. The rainbow code of a vertex u in G with
respect to II is defined by

(d(u, Rl), d(u, Rz), e ,d(u7 Rk)),

which is denoted by rcrr(v). The map ¢ is a locating rainbow
vertex coloring of G if every pair of vertices in G is connected
by a rainbow path and every vertex in G has a unique rainbow
code. The locating rainbow vertex connection number of G,
denoted by rvcl(G), is the smallest number of colors taken
over all locating rainbow vertex colorings of GG. Bustan et al.
[3] determined the locating rainbow vertex connection number
of complete graphs, stars, and paths. A necessary condition of
order of a graph G which has rvcl(G) = r for some r has
been determined in [3]. Moreover, a characterization of graphs
G having rvcl(G) = 2 and rvcl(G) = n — 1 is determined
in [4]. By the same authors, some bounds on rvcl(G) where
G is r-regular bipartite graph are presented. An exact value
of rvcl(G) where G is a complete bipartite graph with or
without matching deletion is given in [4]. Further, Imrona et
al. [14] considered the locating rainbow vertex coloring of
certain comb product of graphs. Most lately, Bustan et al. [5]
presented the locating rainbow vertex coloring of cycles C,,,
Kgn — an, and Kn — Cn

Despite the number of study conducted, little is known about
graphs with locating rainbow vertex connection number close
to its order. Recognizing this is crucial, since there are some
structural scenarios where enforcing distinguishability through
chromatic constraints incurs the highest cost, reflected in the
requirement of many colors. In this paper, we present several
families of graphs G with rvcl(G) = |V(G)| — ¢ for i €
{1, 2, 3}. In addition, we provide some connections of locating
rainbow vertex connection and partition dimension of graphs.

II. MAIN RESULTS

By definition, a locating rainbow vertex coloring ensure
each pair of distinct vertices to be rainbow-connected. Hence,
it is also a rainbow vertex coloring. Therefore, for any graph
G, we have the following inequality:

rve(G) < roc(G).

Likewise, a locating rainbow vertex coloring ensure each
vertex to have a unique rainbow code (representations). Thus,
it is also a resolving partition. Hence, the following also holds:

pd(G) < rvcl(G). (I.1)

In particular, we can say more if the graph has diam/(G) <
2.

Proposition 1. If G has diam(G) < 2, then rvcl(G) =
pd(G).

Proof. TIf a graph has diam(G) < 2, then any pair of vertices
in G is either adjacent or has a distance of 2. In any case,
the shortest path between this pair will visit at most one
other vertex. This implies that this pair of vertices is rainbow-
connected. Thus, rvcl(G) < pd(G). Combining with (IL.1),
we obtain rvcl(G) = pd(G). O

Therefore, it is important to know several results about par-
tition dimension. Consider the following properties of partition
dimension which is shown by Chartrand et al. [6].

Proposition 2. [6] Let G be a connected graph of order n.
Then pd(G) = n if and only if G = K,

Theorem 3. [6] Let G be a connected graph of order n. Then
pd(G) = n — 1 if and only if one of the following holds:

]) G = Kl,nfl;
2) G=2K, —e,
3) G2 K, + (KUK, ).

Then, the following characterization of graphs G having
rvcl(G) = |V (G)] is proved by Bustan et al. [4].

Theorem 4. [4] Let G be a connected graph of order n > 3.
Then rvcl(G) = n if and only if G = K,,.

This is one of case in which the locating rainbow vertex
connection number coincides with the partition dimension. We
can obtain more result for graphs with pd(G) = |V(G)| — 1.

Corollary 5. Let G be a graph of order n. Then rvcl(G) =
n — 1 if G is isomorphic to one of the following:

1) Kl,n—ly
2) K, —e
3) Ky + (K1 UK, o).

Proof. Observe that each graph Ky ,_1, K, —e, and K; +
(Ky U K,,_2) has the diameter of two, which implies
rvcl(G) = pd(G) when G is either Kq,_1, K, —e, K1 +
(K7 UK,,_2) due to Proposition 1. O

Not every graph G has the same value of rvcl(G) and
pd(G). In the following theorem, we are able to show that
there exists a graph G for some desired value of a,b € Z
where pd(G) = a and rvcl(G) = b. Let ¢ : V(G) — [1, k]
for some positive integer k. For some integer ¢ € [1, k], set
e i) = {v € V(Q) | ¢(v) = i}. Now, to check the
distinguishability of rainbow codes, it is sufficient to only
consider pairs with the same color. Indeed, if we have a pair
of vertices with distinct color then the 0 entry of each vertices
will be positioned differently, which corresponds to each color.

Theorem 6. Let G be a graph of order n > 4. Let a and b be
any integers satisfying 2 < a < b < n — a. Then there exists
a graph with pd(G) = a and rvcl(G) = b.

Proof. Consider a graph B, ; given by

V(Bayb) = {ui7vj | i€ [1,0,},]' € [Ovb]}v
E(Bap) = {uvo,vjvi41 |t € [1,a],j €[0,b—1]}.
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In this case, the graph B, ; has an order of a 4+ b + 1. Since
U1, Ug, ..., U, are twin vertices, then pd(B,,) > a. Now,
define ¢ : V(Bqp) — [1, a] where

o(u;) =1, for i € [1,al,
j+1, ifje {01},

oloy) = et
3, if j € [2,0].

It is clear that the representations of two v;’s are pairwise
distinct. Consider u; and v; in the same partition.
o If p(u;) =1, then i = 1 = j such that d(uy, 0~ 1(2)) =
2>1=d(vy, 0 (2)).
o If o(u;) = 2, then i = 2 = j such that d(uz, p~1(3)) =
2> 1=d(va, 0 1(3)).
o If o(u;) = 3, then i = 3 such that d(uz, o~ (1)) =1 <
j = d(vj, 71 (1)) for j € [2,0].
Then, every representations are unique which implies
pd(Bap) = a. Moreover, observe that there are b internal
vertices of B, . Now, we will show that rvcl(B,p) = b.
Let ¢ be a locating rainbow vertex coloring of G. Among
{vo,v1,...,vp_1}, suppose that there exists v; and v; where
©(v;) = @(v;). Then, there is no rainbow path from w; to vp.
This implies {¢(vg), ©(v1),...,¢(vp—1)} must be pairwise
distinct. This shows rvcl(By ) > b.
To show ruvcl(Bgp), define a map ¢ : V(B,,) — [1,0]
given by

o(u;) =1, i€l,a],

fiw1, iefo,b-1]
@@J—{a i=b.

Observe that any path between two vertices of B, ; passes
only wvg,v1,...,v5—1. Since these vertices already colored
pairwise distinct, it follows that B, ; is rainbow connected.
Now, consider two vertices of B, ; which have the same color.
Observe that

o for every i €
d(ug,vp—1) = b;

e d(vg,vp—1) =b—1 and d(vg,vy) = b.
This implies that ¢ is a locating vertex rainbow coloring of
By p and thus rocl(Bgp) = b. O

1,a], d(vi—1,vp—1) = b — i and

We present an illustration of Bs 5 in Figure 1.

Fig. 1. The graph B3 5 where pd(B3 5) = 3 and rvcl(Bs,5) = 5.

Next, we continue to consider graphs G with rvcl(G) =
|[V(G)| — 2. Similarly, one possible way to achieve such
graphs is to check the graphs having pd(G) = |[V(G)| —2. A
characterization of graphs with pd(G) = |V(G)| — 2 is due
Tomescu [22] along with some revisions given in [2], [12].
Following the notations given in [2], [12], [22], we define
some special graphs as follows:

e F consists of K,,_; — e and another vertex adjacent to
only one of the endvertices of e;

e (37 consists of K,,_; — e and another vertex adjacent to
the endvertices of e;

o G4 consists of K, 1 and a vertex adjacent to two vertices
of anl;

o G4 = (K1 UK>)+ K, 3;

e G7 consists of K,,_5 and a path Pj joining two vertices
of K,_2;

o (g consists of K,,_5 and K3 having a common vertex;

e Gy consists of K,,_5 and P; having in common the
central vertex of Ps;

e G consists of K,,_o and P; having in common the
endvertex of Ps;

e (12 consists of K,,_o and a path P, having the central
edge in common with K,, 5.

We give an illustration for F', Gy, Go, G7, Gg, Gy, and G1g
in Figure 2. Tomescu [22] proved that K5 ,,_o, Ko + K,,_o,
K, — E(P?))? K, _E(K?))’ K, — E(P4)7 K, _E(Cél)? K, —
E(2K2), K1+(K1U(Kn_2—€), (K1 UK2)+Kn_3 = G4, F,
G1, Ga, G7, Gg, Gg, G19, and G125 to have partition dimension
of n — 2 where n > 9 is the order of each graph. Tomescu
also present a proof that these graphs and some other graphs
(we do not mention them here for clarity) are the only graphs
with partition dimension of n—2. However, a revision came in
[2], [12] where they determine that the graphs not mentioned
here does not have a partition dimension of n — 2. In addition,
Baskoro and Haryeni [2] add the graph F' to be among graphs
whose partition dimension is n — 2. In the following theorem,
we will only consider graphs whose order is at least 9, since
this is a condition provided by [22] which we rely on.

Kn—1 Kn-1 Kn— Kn-—>
— o N Y
([ J [ ] o o
[ ] ] [ ] [
4 LA 2 JER o I
—¢ 04—0 2 04—0 yéI:—Q 7
— — — -/
(a) (b) (c) (d)
Kn_z Kn—Z Kn-> Kn—Z
[ ] ] [ ] o
[ ] o ] [ ]
() q\\Q ] *—0
bk n  O—@ | % I—-o o
—/ ~— —/ —)
(e) (f) (8) (h)

Fig. 2. The graphs (a) F, (b) G1, (¢) G2, (d) G7, (e) Gs, () Go, (2) G10
and (h) G12 where dotted lines means non-adjacency.

Theorem 7. Let G be a graph of order n > 9. If pd(G) =
n — 2, then rvcl(G) =n — 2.
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Proof. If a graph has pd(G) = n — 2 where n > 9, then
rvcl(G) > n—2. From a result given in [22], [2], [12], graphs
G with pd(G) = n — 2 must be isomorphic to one of the
following: KQJL_Q, KQ + Kn_g, Kn — E(Pg), K" — E(Kg),
K,—E(Py), K,—E(Cy4), K,,—E(2K3), K1+ (K 1U(K,,—2—
e), (K1UKy) + K, 3=Gq, F, G, Go, G7, G, Gg, Gho,
or G12.

First, we will show that many of these graphs inherited the
parameters based on the diameter. In particular, we will show
that other than F, G1g, or G2 these graphs have a diameter
of 2. A join product of graph must always has a diameter of
2. Therefore, the graphs Ky ,,_o = Ko+ Ko, Ko+ K,_o,
K1 + (Kl U (Kn,Q — 6), and (Kl @] KQ) + Kn,3 = G4
have a diameter of 2. Moreover, a deletion of edges less
than 3 in K, yields a vertex that has no incident edges
deleted. This implies such edge deletion does not remove the
property of a graph having a dominating vertex. Therefore,
K, — E(Ps), K, — E(K3), K, — E(P,), K, — E(Cy),
and K,, — E(2K;) have the diameter of 2. In addition, for
i € {2,8,9} the vertex z; € V(G;) shown in Figure 2
is a dominating vertex of G,. Therefore, diam(G;) = 2
for i € {2,8,9}. In particular, consider z1,11 € V(G)
shown in Figure 2(b) where Ng,(x1) = V(Gy) \ {y1} and
Ng,(y1) = V(G1) \ {z1}. Since dg,(z1,y1) = 2, then
diam(G1) = 2. Lastly, consider z7,yr7,2%,y7 € V(G7)
shown in Figure 2(d) where Ng,(x7) = V(G7) \ {v}}
and Ng,(y7) = V(G7) \ {«%}. Since d(z%,y,) = 1, then
diam(Gr) = 2.

Since a graph with diam(G) = 2 has pd(G) = rvcl(G),
then we are left to consider F', G1g and G12. Let F' be a graph
obtained by

V(F)={u}U{v; | i€ [l,n—1]},
E(F) = {uvp_1} U{v; | 4,5 € [1,n—1],
i?'éj}\{“nfﬂ)nfl}'

Define a map ¢ : V(F) — [1,n — 2] where

plo) = {1
p(u) = 1.

The only pair which has a distance 3 is v and v,_s.
Since 4 ~ vVp,—1 ~ Vg ~ v,_o iS a rainbow path, then
F' is rainbow vertex-connected. Moreover, the only vertices
with the same colors are v, v,—1, and u. Observe that
dp(v1,vp—2) = 1, dp(Vn—1,Vn—2) = 2, and dp(u,v,—2) =
3. Since dF(’Uh’Un,Q) < dF(Unfh'Uan) < dF(u,vn,g),
then every vertex in I has a distinct rainbow codes. Therefore,
rvcl(F)=n—2.
Now, define a graph G* which is given by

V(G*) ={uy,us} U{v; |3 € [1,n—2]},

E(G") = {ugvn—2} U{viv; [ 4,7 € [Lin — 2], # j}.
We can see that G* is a spanning subgraph of Gy and
G12. Precisely, Gig has V(G19) = V(G*) and E(G19) =

E(G*)U{ujuz}. Meanwhile, G15 has V(G12) = V(G*) and
E(Glg) = E(G*) U{Ul’l)n_g}. Let both of idGlo : V(Glo) —

ifiel,n—2),

ifi=n-—1.

V(G*) and idg,, : V(G12) — V(G*) be identity maps.
Define a map ¢ : V(G*) — [1,n — 3] such that

fori e [1,n—2],

for i € {1,2}.

o(v;) =1,

p(u;) =1,
In this coloring, vertices with the same colors come in pairs
that is (v;, u;) for ¢ € {1,2}.

Now, consider a coloring ¢g,, = idg,, © ¢ on Gio. Any
shortest path of length 3 must only have vy and v,,_o as the
internal vertices. Since pg,,(u2) # VG, (Vn—2) then Gig
is rainbow vertex-connected. Therefore, rvcl(G1g) = n — 2.
Observe that

o dG,,(V1,Vn-1) =1 =dg,,(v2,Vn-1),

o dgyo(u1,vn-1) = 3,

. dGm (’LLQ,Un,4) = 2.

Since we know that dg,,(v1,vn—4) < dgy,(u1,vn—4) and
deye (W2, vn—4) < dg,,(us2,vn_4), then every rainbow codes
of Gy is unique. This implies rvcl(Gi9) = n — 2.

Lastly, consider a coloring ¢¢,, = idg,, © . The only pair
of vertices that has a distance 3 in G5 is u; and uy. Since
Ul ~ Up_3 ~ Up_o ~ Ug IS a rainbow path, then Gio is
rainbow vertex-connected. Moreover, for i € {1,2} since

dG12 (’Ui7/U’n*4) = 1 < 2 = dG12 (ui7v’n74)7

then each rainbow codes of (G5 is unique. Therefore,
rvcl(Giz) =n — 2.

Since we have shown that each graph G with pd(G) = n—2
has rvcl(G) = n — 2, then the theorem follows. O

Next, we will see some families of graph G having
rvcl(G) = |V(G)| — 3. Let my, mg, and mgz be positive
integers. Let T'S(my, mo, m3) be a graph with the vertex set
V(TS(mi,ma,m3)) = {u;,vj, x| i € [1,m1],j € [1,ma],

ke [1,ms]}
and the edge set

E(TS(mth,mg)) = {uiui_H | 1€ [1,m1 — 1]}

U {vjvj41 [j € [1,m2 — 1]}
U{zrzgyr | k€ [1,m3 — 1]}
@] {ulvl,lel,ulxl}.

We can view the graph as a triangle whose vertices are

identified with path of length m;. We present an example of
T5(2,4,5) in Figure 3.

Fig. 3. The graph T'S(2, 4, 5) where the vertices of the triangle is identified
with paths of length 2, 4, and 5 respectively.

Theorem 8. For positive integers my,mo and ms, let
TS(my, ma, ms) be a graph of order n = my + mo +mg. It
holds that

rocl(TS(my,ma, m3)) =n — 3.
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Proof. Let G = T'S(m1,mz,ms). First, we will show the
lower bound for rvcl(G). For y,z € V(G), let P(y,z) be
a path with y and z as endpoints. Let A = {p(v;) | @ €
Lmi — b B = {p(vy) | j € [Lm — 1]}, and € =
{o(xr) | k € [1,mg —1]}. We have |AU B| =my + mg — 2
since they are the internal vertices of P(ty,, , U, ). Similarly,
|IBUC| = mg+m3 —2and [AUC| = my + mg — 2
by considering P(vy,, Tms) and P(um, , Tm,). This implies
|[AUBUC| =mq +mg+ ms — 3 < rvcl(G).

To show rvcl(G) < my + ms + m3 — 3, consider a map
v : V(G) = [1,m1 + ma + mg — 3] where

i,
mi — 1a

]+ my — 1)
o(v;) =

( ) if 1 € [1,m1—1],
Ui .
v 1fi:m1—1,

if j € [1,m2—1],

mi+mo —2, if j =mg —1,

k4+mqp4+mo —1, ika[l,mg,—l],
p(xy) =

mi +mo +msg —3, if k=mgz— 1.

Since every vertex in V(G) \ {tm,,Vm,, Tms  has a unique
color, then GG is rainbow vertex-connected. Moreover, we have
o da(Um,,v1) =m1 >my — 1 =dg(tm,—1,v1),
o dg(Umy, 1) =my > my —1=dg(vm,—1, 1),
o da(Tmy,ur) =mz >m3 —1=dg(Tms—1,u1).

Therefore, all rainbow codes in G are
pairwise distinct. This shows that
rocl(T'S(my,ma,m3)) =n — 3. O

Now, let V(K,,) = {v1,v2,...,v5} and V(P;) =
{x1,z2,23,24}. For a vertex = € V(P;), the graph
Amal(K,,, Py;v1 = ) is a graph obtained by

V(Amal(Ky,, Py;v1 = ) = V(K,y) UV (Py),
E(Amal(K,,, Py;v1 = z)) = E(K,,) U E(Py),

where v; = z. This is a complete graph of order m where
one of the vertices is identified with a path of order 4. Using
this notion, we can get another graph of order n whose
locating rainbow vertex connection number is n — 3. There
will be two distinct results based on the choice of x, when
x € {z1,z4} and when = € {xo,x3}. An illustration of
Amal(K,,, Py;v1 = z) is given in Figure 4.

Theorem 9. Let n > 7 be an integer. Then
rvcl(Amal(K,,_3, Py;v1 = x)) =n —3
for any x € V(Py).

Proof. Let G = Amal(K,—_3, Py;v; = x). Observe that
V9,03, ...,Un—3 are twin vertices, hence they have distinct
colors. If ¢(v1) = ¢(v;) for some j € [2,n — 3] and

{o(zi) 1€ [1,4]} S {p(vy) [ € [2,n 3]},

then ¢ (v1) = cx(vj;). Therefore, either p(v1) # ¢(v;) for
every j € [2,n— 3] or there exists ¢ € [1, 4] such that ¢(xz;) ¢
{¢(v;) | j € [2,n — 3]}. In either case, locating rainbow
vertex coloring of G must have at least n — 3 colors. Hence,
rvcl(G) > n — 3.

(b)

Fig. 4. The graph Amal(Kpm, Py;v1 = x) where (a) x € {x1,24} and (b)
z € {z2,23}.

To show the upper bound, consider the following cases.
Case 1. Let x = x1. Define a map ¢ : V(G) — [1,n — 3]
where

for j € [1,n — 3],
for i € [2,4].

e(v;) = J,
p(z;) =i,
In any shortest path of G, only the vertices A = {v1,z2,z3}
can be the internal vertices of such path. Since the colors of
A are pairwise distinct, then G is rainbow connected. Further,

two vertices with the same colors come only in pairs (v;, ;)
for ¢ € [2,4]. Observe that
o da(va, 071 (4) =1 <2 =dg(z2,071(4)),
. dg(vg,¢71(1)) =1<2= dG(il?g,(pil(l)),
o da(va, 971 (1)) =1 <3 =dg(aa, 07 (1)).
This shows that every rainbow codes of G are distinct.

Case 2. Let x = x2. Let p : V(G) — [1,n— 3] be a map such
that

e(vj) =4,  forje[l,n—3
(z1) = 2, ifi=1,
PN it e {3,4).

Again, in any shortest path of G, only the vertices B =
{v1, 23} can be the internal vertices of such path. Since the
colors of B are pairwise distinct, then G is rainbow vertex-
connected. Moreover, two vertices with the same colors are
(va, 1), (vs,z3) and (vg,x4). Since we have

o da(v,97'(3)) =1 <2 =dg(z1,¢7(3)),

o« dg(vs,071(2) =1 <2 =dg(xs,¢7'(2)),

. dG(U4,(,0_1(1)) =1<2= dg(l‘4,(p_1(1)),
then every rainbow codes of G are distinct.

Note that the graph obtained by x = z3 is the same as
in the case of x = x5, since both x5 and x3 are vertices of
degree two in Py. Likewise, the graph obtained by = = x4 is
the same as in the case x = x1, since both of them are leaves
in Py. Therefore, in any case we have rvcl(G) =n—3. O
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III. CONCLUDING REMARKS

In this paper, we investigated graphs whose locating rainbow
vertex connection number is close to their order, specifically
rvcl(G) € {n,n—1,n—2,n—3}. By establishing connections
to partition dimension, we identified several structural thresh-
olds where distinguishability under chromatic constraints be-
comes most costly as in demanding nearly as many colors as
vertices for some particular graphs.

Our results reveal that while rvcl(G) coincides with pd(Q)
for graphs of diameter at most two, the gap between the param-
eters may increase significantly when the diameter increases,
as demonstrated by the existence of graphs with arbitrarily
large gaps between their partition dimension and locating rain-
bow vertex connection number. The families 7'S(my, mo, m3)
and Amal(K, —3, Py;v1 = ) further illustrate how specific
structural features force the parameter to n — 3.

A natural direction for future work is a complete character-
ization of graphs with rvcl(G) = n — 1. Further, determining
the conditions of graphs with rvcl(G) = n — 2 is also
interesting.
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