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ABSTRACT ⎯ This study models stunting prevalence across 56 regencies/cities in Kalimantan using robust kernel nonparametric 

regression. This approach addresses the nonlinear relationship between stunting and four predictors: access to improved sanitation, 

low birth weight, population density, and poverty rate. An examination of influential observations using DFFITS identified five 

regencies as outliers; thus, the robust MM-estimator approach was applied to mitigate the influence of these extreme observations 

on the estimation results. Optimal bandwidth selection was performed using the Cross-Validation (CV) method across several 

kernel functions, namely Epanechnikov, Gaussian, and Uniform. The results demonstrated that the Uniform kernel function yielded 

the smallest CV value with a bandwidth combination of 𝒉𝟏 = 𝟎. 𝟔, 𝒉𝟐 = 𝟎. 𝟐, 𝒉𝟑 = 𝟎. 𝟔, and 𝒉𝟒 = 𝟎. 𝟐. The Robust Uniform Kernel 

model delivered the best performance, with an MSE of 2.0556, RMSE of 1.4337, MAE of 0.6581, and 𝑹𝟐 of 0.9510. This study indicates 

that robust MM-estimator kernel nonparametric regression can produce stunting prevalence estimates that are more accurate, 

flexible, and stable in the presence of outliers.  

Keywords⎯ Stunting, Kernel Nonparametric Regression, Robust MM-Estimator, Uniform Kernel, Kalimantan. 

 
 
I. INTRODUCTION 

Stunting remains a critical chronic nutritional problem in public health, reflecting impaired child growth due to long-

term malnutrition [1]. Its impacts extend beyond physical deficits, such as low height-for-age [2], to impairments in 

cognitive development [3], weakened immune systems [4], and reduced adult productivity [5]. Stunting is influenced by 

a complex interplay of biological, social, economic, environmental, and healthcare access factors [6]. Specifically, factors 

such as low birth weight [7], lack of access to improved sanitation [8], poverty [9], maternal education [10], and child 

healthcare quality is frequently associated with increased stunting risk [11]. Consequently, stunting must be addressed 

not merely as an individual health issue but as a human resource development challenge that requires a comprehensive 

analytical approach. 

In Indonesia, stunting remains a priority despite a recent decline in prevalence over the past few years [12]. 

According to the 2024 Indonesian Nutritional Status Survey (SSGI), the national stunting prevalence stood at 19.8%, down 

from 21.5% the previous year [13]. Although this decline demonstrates progress, a prevalence affecting nearly one in five 

children under five indicates that the issue still demands critical attention. This challenge is particularly evident in 

Kalimantan, where stunting rates are relatively high and vary considerably across provinces. The 2024 SSGI report noted 

that stunting prevalence reached 26.8% in West Kalimantan, 22.1% in Central Kalimantan, 22.9% in South Kalimantan, 

22.3% in East Kalimantan, and 17.6% in North Kalimantan. These figures show that most provinces in Kalimantan still 

exceed the national average, with North Kalimantan the sole exception. Consequently, analyzing stunting in Kalimantan 

requires a flexible modeling approach that captures the complex relationships among variables. 

Previous studies have predominantly used parametric regression approaches, such as linear [14], logistic [15], and 

panel regression [16], to model stunting in Indonesia. While parametric regression offers straightforward interpretation, 

it assumes a predetermined functional relationship (e.g., linear, quadratic, or cubic) between the response and predictor 

variables [17]. In reality, the relationships between stunting incidence and its driving factors are highly complex and 

rarely follow simple, rigid patterns. To address this limitation, a nonparametric regression approach offers a more flexible 

alternative, allowing the regression curve to be driven entirely by data patterns without imposing a specific functional 

form [18]. Commonly used nonparametric estimators include local polynomial [19], spline [20], and kernel estimators 

[21]. Among these, kernel nonparametric regression is widely favored because it assigns greater weight to observations 

close to the estimation point and less weight to distant ones, thereby capturing local patterns effectively [22]. Compared 

to other estimators, the kernel method is relatively simple to compute, eliminates the need to determine knot points as 

required by splines, and allows precise control over curve smoothness through bandwidth selection [23]. Therefore, 

kernel nonparametric regression is well-suited for modeling nonlinear stunting data. 

In practice, standard kernel nonparametric regression remains highly sensitive to outliers or extreme values. These 

outliers can severely distort estimation, pulling the regression curve away from the overall data trend [24]. This distortion 

leads to unstable estimates, inflated error estimates, and inaccurate interpretations of relationships among variables. To 

mitigate this issue, a robust approach can be integrated into the kernel nonparametric regression framework. Robust 

methods aim to neutralize the distorting effects of outliers without dropping data points from the dataset [25]. Common 

robust estimation methods include M-estimation [26], S-estimation [27], and MM-estimation [28]. Among these, the MM-

estimator is superior because it combines high breakdown resistance against outliers with excellent statistical efficiency. 
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It begins with a highly robust preliminary estimate, followed by a more efficient estimation process to yield stable final 

parameters. Integrating a robust MM-estimator into kernel nonparametric regression is thus expected to produce a model 

that is both resistant to outliers and flexible enough to capture the nonlinear dynamics of stunting data. 

Driven by these challenges, this study develops a robust kernel-based nonparametric regression model to map the 

incidence of child stunting in Kalimantan. The framework is expected to yield a flexible modeling tool that accommodates 

nonlinear trends and is highly robust to outliers. Ultimately, this research aims to advance nonparametric regression 

methodologies and provide highly accurate empirical insights to support evidence-based stunting intervention policies 

in Indonesia. 

 

II. LITERATURE REVIEW 
A. Kernel Nonparametric Regression 

Kernel regression is a nonparametric statistical method used to estimate the conditional expectation of a response 

variable given predictor variables by applying a kernel function. It is widely utilized due to its flexibility, relatively 

straightforward estimation procedure, and ability to adapt to data relationship patterns without predefining a specific 

functional form [29]. Unlike parametric regression, which assumes a predetermined relationship, such as linear or 

quadratic, kernel nonparametric regression allows the shape of the regression curve to be driven entirely by the data. 

Consequently, this approach is highly appropriate when the relationship between the response and predictor variables 

is non-linear or mathematically unknown. The kernel nonparametric regression model is given by (1) [30]. 
𝑌𝑖 = 𝑚(𝑋𝑖) + 𝜀𝑖 , 𝑖 = 1,2, … , 𝑛 

𝑚(𝑥) = 𝐸(𝑌 ∣ 𝑋 = 𝑥) 
(1) 

where 𝑌𝑖 is the response variable at the 𝑖-th observation, 𝑥𝑖 is the value of the predictor variable at the 𝑖-th observation, 

𝑚(𝑥𝑖) is the regression function with an unknown curve shape, 𝜀𝑖 is the random error, and 𝑛 is the number of 

observations. The function 𝑚(𝑥) represents the conditional expectation of the response variable 𝑌 given that the predictor 

variable 𝑋 equals 𝑥. 

One commonly used estimator in kernel regression is the Nadaraya-Watson estimator. This estimator works by 

assigning a larger weight to observations close to the estimation point 𝑥, and a smaller weight to observations that are 

far from 𝑥 [31]. The Nadaraya-Watson estimator is given by (2). 

𝑚̂(𝑥) =
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)𝑌𝑖
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)

 (2) 

where 

𝐾ℎ(𝑥 − 𝑋𝑖) = 𝐾 (
𝑥 − 𝑋𝑖
ℎ

) 

or it can be expressed as shown in (3) 

𝑚̂(𝑥) =
∑ 𝐾𝑛
𝑖=1 (

𝑋𝑖 − 𝑥
ℎ

)𝑌𝑖

∑ 𝐾𝑛
𝑖=1 (

𝑋𝑖 − 𝑥
ℎ

)
 (3) 

where 𝐾 is the kernel function and ℎ is the bandwidth. The bandwidth is a crucial parameter in kernel regression as it 

determines the smoothness level of the regression curve.  

 Several kernel functions commonly used in nonparametric regression include the Gaussian, Epanechnikov, and 

Uniform kernels. These kernel function forms can be expressed as shown in Equations 4–6 [32]. 

Gaussian: 𝐾(𝑢) =
1

√2𝜋
exp(−

𝑢2

2
) (4) 

Epanechnikov: 𝐾(𝑢) =
3

4
(1 − 𝑢2)𝐼(∣ 𝑢 ∣≤ 1 (5) 

Uniform: 𝐾(𝑢) =
1

2
𝐼(∣ 𝑢 ∣≤ 1) (6) 

where 𝑢 =
𝑥−𝑋𝑖

ℎ
 and 𝐼(∣ 𝑢 ∣≤ 1) is an indicator function that takes the value of 1 if ∣ 𝑢 ∣≤ 1 and 0 otherwise. Selecting the 

appropriate kernel function and bandwidth is crucial in kernel regression, as both significantly influence the estimated 

regression curve. 
 
B. Bandwidth Selection  

 Bandwidth is a crucial parameter in kernel nonparametric regression as it determines the smoothness level of the 

estimated curve. A bandwidth value that is too small yields a curve that overfits the data patterns, leading to an unstable 

model; conversely, an excessively large bandwidth produces an overly smooth curve, causing local data patterns to be 

poorly captured [33]. Therefore, selecting the optimal bandwidth is a critical step in kernel regression. One commonly 

used method for determining the optimal bandwidth is Cross-Validation (CV). The CV method is widely used in kernel 

regression for evaluating the model's performance on data not directly involved in the estimation process. In kernel 

nonparametric regression, bandwidth selection via CV is performed using the leave-one-out approach, in which each 

observation is alternately removed from the estimation process, and its response is predicted from the remaining data. 

Mathematically, the CV function is given by (7). 
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𝐶𝑉(ℎ) =
1

𝑛
∑(𝑌𝑖 − 𝑚̂−𝑖(𝑋𝑖))

2

𝑛

𝑖=1

 (7) 

where 𝑚̂−𝑖(𝑋𝑖) is the kernel regression estimate at point 𝑋𝑖 computed by omitting the 𝑖-th observation. This estimator is 

given by (8). 

𝑚̂−𝑖(𝑋𝑖) =
∑ 𝐾𝑛
𝑗≠𝑖 (

𝑋𝑖 − 𝑋𝑗
ℎ

)𝑌𝑗

∑ 𝐾𝑛
𝑗≠𝑖 (

𝑋𝑖 − 𝑋𝑗
ℎ

)

 (8) 

The optimal bandwidth value is obtained by selecting the ℎ value that minimizes the CV function, as shown in (9). 
ℎ𝑜𝑝𝑡 = argmin

ℎ
𝐶𝑉(ℎ) (9) 

Consequently, the optimal bandwidth is the one that yields the smallest prediction error. Bandwidth selection is 

performed by defining a lower bound, an upper bound, and a bandwidth increment value. Subsequently, each 

candidate's bandwidth is evaluated using the 𝐶𝑉(ℎ) value, and the bandwidth with the minimum CV value is chosen as 

the optimal bandwidth.  

 
C. Robust Regression 

 Robust regression is an estimation approach developed to mitigate the influence of outliers on modeling results. In 

classical regression, particularly the Ordinary Least Squares (OLS) method, parameters are obtained by minimizing the 

sum of squared residuals, as shown in (10). 

𝛽̂𝑂𝐿𝑆 = argmin
𝛽

∑𝑒𝑖
2

𝑛

𝑖=1

 (10) 

where 𝑒𝑖 = 𝑦𝑖 − 𝑦̂𝑖 represents the residual of the 𝑖-th observation. The primary weakness of OLS is its reliance on the 

squared residual; consequently, observations with large residuals exert a disproportionate influence on the estimates. 

Therefore, when data contain outliers, OLS estimates can become unstable and fail to represent the general data pattern 

adequately. 

 One widely used robust approach is the M-estimator. The M-estimator is a generalization of maximum likelihood 

estimation that replaces the squared residual function with a robust objective function, 𝜌. In general, the M-estimator is 

obtained by solving (11). 

𝛽̂𝑀 = argmin
𝛽

∑𝜌

𝑛

𝑖=1

(
𝑒𝑖
𝑠
) (11) 

where 𝑠 is a robust residual scale measure, while 𝜌(⋅) is the robust objective function. The function 𝜌 is selected such that 

small residuals continue to contribute to the estimation, whereas the influence of large residuals is bounded. Its 

estimation equation is given by (12). 

∑𝜓

𝑛

𝑖=1

(
𝑒𝑖
𝑠
) 𝑥𝑖 = 0 (12) 

where 𝜓(𝑢) =
∂𝜌(𝑢)

∂𝑢
 represents the influence function. In terms of weighting, the M-estimator can be written as shown in 

(13). 

∑𝑤𝑖

𝑛

𝑖=1

𝑒𝑖𝑥𝑖 = 0 (13) 

where the robust weight is 𝑤𝑖 =
𝜓(𝑢𝑖)

𝑢𝑖
 and 𝑢𝑖 =

𝑒𝑖

𝑠
. 

 In addition to the M-estimator, the S-estimator was developed to obtain estimates with high breakdown resistance to 

outliers. The S-estimator operates by minimizing a robust residual scale rather than directly minimizing the sum of 

residuals. In general, the S-estimator can be expressed as shown in (14). 

𝛽̂𝑆 = argmin
𝛽

𝑠(𝑒1, 𝑒2, … , 𝑒𝑛) (14) 

where the residual scale 𝑠 satisfies (15). 

1

𝑛
∑𝜌

𝑛

𝑖=1

(
𝑒𝑖
𝑠
) = 𝑏 (15) 

The value 𝑏 is a constant determined based on the specific function 𝜌 utilized. The primary advantage of the S-estimator 

is its high breakdown point, making it more robust to outliers. However, the S-estimator tends to be less efficient than 

classical estimators when the data contain few outliers. 

 To combine the advantages of both the M-estimator and the S-estimator, the MM-estimator is employed. The MM-

estimator was introduced as a robust estimator that possesses two critical properties: a high breakdown point and high 

statistical efficiency [34]. The procedure in MM-estimation is executed in three stages. First, an initial estimate is 

computed using a robust estimator with a high breakdown point, such as the S-estimator shown in (16). 

𝛽̂0 = 𝛽̂𝑆 (16) 

Second, a robust residual scale is computed based on the initial estimate, as shown in (17). 
𝑠 = 𝑠(𝑒1, 𝑒2, … , 𝑒𝑛) (17) 
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Third, the final estimate is determined using the M-estimator principle with the previously obtained residual scale, as 

shown in (18). 

𝛽̂𝑀𝑀 = argmin
𝛽

∑𝜌1

𝑛

𝑖=1

(
𝑦𝑖 − 𝑥𝑖

𝑇𝛽

𝑠
) (18) 

where 𝜌1 is a robust objective function selected to yield high estimation efficiency. Consequently, the MM-estimator uses 

the S-estimator to obtain initial robustness to outliers, and subsequently employs the M-estimator to improve the 

efficiency of the estimates. 

 
D. Robust Kernel Nonparametric Regression 

 Robust kernel nonparametric regression is an extension of kernel nonparametric regression that integrates kernel 

weights with robust weights based on the MM-estimator. This approach is employed to overcome the limitations of 

conventional kernel regression, which is highly sensitive to outliers or extreme values. In standard kernel regression, the 

estimated regression function is obtained via local weighted averages based on the proximity between observations. 

However, if observations with extreme response values are present, they can still distort the shape of the estimated curve, 

particularly if they are located close to the estimation point. Therefore, robust weighting is required to mitigate the 

influence of extreme observations. In general, the Nadaraya-Watson estimator for kernel nonparametric regression is 

given by (19). 

𝑚̂(𝑥) =
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)𝑌𝑖
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)

 (19) 

This estimator considers only the proximity of observations to the estimation point, without accounting for whether any 

observation is an outlier. 

 In robust MM-estimator kernel nonparametric regression, kernel weights are combined with robust weights obtained 

from the model residuals. The form of the robust MM kernel nonparametric regression estimator is given in (20). 

𝑚̂𝑀𝑀(𝑥) =
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)𝑤𝑖

𝑀𝑀𝑌𝑖
∑ 𝐾ℎ
𝑛
𝑖=1 (𝑥 − 𝑋𝑖)𝑤𝑖

𝑀𝑀  (20) 

where 𝑤𝑖
𝑀𝑀 represents the robust MM weight for the 𝑖-th obeservation. This weight is assigned based on the magnitude 

of the residual. Observations with small residuals will receive relatively large weights, whereas observations with large 

residuals will receive smaller weights. Consequently, outliers are not removed from the data, but their influence on the 

estimation results is mitigated.  

 The initial residual in kernel regression is given by (21). 
𝑒𝑖 = 𝑌𝑖 − 𝑚̂(𝑋𝑖) (21) 

Subsequently, the residuals are standardized using a robust scale 𝑠, yielding (22). 

𝑢𝑖 =
𝑒𝑖
𝑠

 (22) 

The robust MM weights can then be expressed in a general form as shown in (23). 

𝑤𝑖
𝑀𝑀 =

𝜓(𝑢𝑖)

𝑢𝑖
 (23) 

where 𝜓(𝑢𝑖) represents the robust influence function. One commonly used weighting function in robust estimation is the 

Tukey Bisquare function, as it can assign small weights or even weights approaching zero to observations with 

exceptionally large residuals. In general, the Tukey Bisquare weight can be expressed as shown in (24). 

𝑤𝑖
𝑀𝑀 = {[1−(

𝑢𝑖
𝑐 )

2
]
2

, ∣ 𝑢𝑖 ∣≤ 𝑐

0, ∣ 𝑢𝑖 ∣> 𝑐
 (24) 

where 𝑐 is a tuning constant that regulates the resilience and efficiency of the estimator. If the standardized residual value 

∣ 𝑢𝑖 ∣ lies within the bound 𝑐, the observation is still utilized with a specific weight. Conversely, if ∣ 𝑢𝑖 ∣> 𝑐, the observation 

is considered highly extreme, rendering its influence on the estimation negligible or zero. 

 
E. Model Goodness-of-Fit Evaluation 

 Model goodness-of-fit evaluation assesses the model's ability to produce estimates close to the actual values. In this 

study, the performance of the robust MM kernel nonparametric regression model is evaluated using several prediction 

error metrics, namely Mean Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and 

the coefficient of determination (𝑅2). These four metrics are utilized to compare model performance between 

conventional kernel regression and robust MM kernel regression [35]. 

1) Mean Squared Error (MSE) is used to measure the average squared difference between the actual and estimated 

values. MSE can be expressed as shown in (25). 

𝑀𝑆𝐸 =
1

𝑛
∑(

𝑛

𝑖=1

𝑌𝑖 − 𝑌̂𝑖)
2 (25) 

2) Root Mean Squared Error (RMSE) is the square root of MSE, meaning it shares the same unit of measurement as 

the response variable. RMSE is expressed as shown in (26). 
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𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(

𝑛

𝑖=1

𝑌𝑖 − 𝑌̂𝑖)
2 (26) 

3) Mean Absolute Error (MAE) is used to compute the average of the absolute differences between the actual and 

estimated values. MAE is expressed as shown in (27). 

𝑀𝐴𝐸 =
1

𝑛
∑ ∣

𝑛

𝑖=1

𝑌𝑖 − 𝑌̂𝑖 ∣ (27) 

4) In addition to the prediction error metrics, this study also utilizes the coefficient of determination (𝑅2) to examine 

the proportion of variance in the response variable that the model can explain. The 𝑅2 value is expressed as shown 

in (28). 

𝑅2 = 1 −
∑ (

𝑛

𝑖=1
𝑌𝑖 − 𝑌̂𝑖)

2

∑ (
𝑛

𝑖=1
𝑌𝑖 − 𝑌̄)2

 (28) 

where 𝑌𝑖 is the actual value, 𝑌̂𝑖 is the model's estimated value, and 𝑌̄ is the mean of the actual values. A robust 

model is characterized by low MSE, RMSE, and MAE values, alongside a high 𝑅2 value.  

 
F. Stunting 

Stunting is a condition characterized by impaired growth and development in children, driven by chronic 

malnutrition, recurrent infections, and long-term environmental factors. Anthropometrically, a child is classified as 

stunted if their height-for-age z-score falls below minus two standard deviations from the median of the WHO child 

growth standards. Consequently, stunting does not merely indicate that a child is shorter relative to their age standard; 

it also serves as a critical indicator of chronic growth disruption.  

The impacts of stunting are long-term, as it can adversely affect physical development, cognitive abilities, educational 

attainment, health, and productivity in adulthood. It is explained in [1]. that stunting is associated with long-term 

consequences, including low cognitive capacity, suboptimal educational performance, reduced income in adulthood, and 

lost productivity. Therefore, stunting is not only a nutritional and child health issue but is also intricately linked to the 

quality of human resources and the socioeconomic development of a region.  

The determinants of stunting are multidimensional. It has been demonstrated in [6] that the determinants of stunting 

encompass diverse aspects, including sanitation, parenting practices, socioeconomic status, maternal and child health, 

and access to healthcare services. In this study, variables such as access to proper sanitation, low birth weight (LBW), 

population density, and poverty rates are used as factors hypothesized to be associated with variations in stunting 

prevalence across regencies/cities in Kalimantan.  

 

III. METHODOLOGY 
This study uses secondary data, with regencies/cities across Kalimantan as the units of observation, covering the 

provinces of West Kalimantan, Central Kalimantan, South Kalimantan, East Kalimantan, and North Kalimantan. The 

response variable used is stunting prevalence (𝒀), while the predictor variables include access to improved sanitation 

(𝑿𝟏), low birth weight (𝑿𝟐), population density (𝑿𝟑), and the percentage of the poor population (𝑿𝟒). Stunting 

prevalence data were sourced from the Indonesian Nutritional Status Survey (SSGI) Report published by the Ministry of 

Health, whereas the data for the predictor variables were obtained from the Central Bureau of Statistics (BPS) 

publications, specifically the Province in Figures for each respective province in Kalimantan for the year 2025. 

The method applied in this study is robust kernel nonparametric regression with MM-estimation. Kernel 

nonparametric regression is employed because it can model the relationship between stunting prevalence and its 

influencing factors without predefined functional forms. However, conventional kernel regression remains sensitive to 

outliers or extreme values. Therefore, the robust MM approach is integrated to mitigate the influence of outliers on the 

estimation results, yielding a more stable and representative model of the overall data pattern. The analytical steps in 

this study are structured as follows: 

1) Defining the research variables: stunting prevalence as the response variable (𝒀), and access to improved 

sanitation (𝑿𝟏), low birth weight (𝑿𝟐), population density (𝑿𝟑), and the poverty rate (𝑿𝟒) as the predictor 

variables. 

2) Performing a descriptive analysis to outline the distribution of stunting prevalence and the characteristics of each 

predictor variable across regencies/cities in Kalimantan. 

3) Constructing scatterplots between the response variable and each predictor variable to observe initial relationship 

patterns. This stage aims to determine whether the inter-variable relationships are linear, nonlinear, or lack a 

distinct pattern. 

4) Conducting outlier diagnosis or influential observation checks using DFFITS values. An observation is 

categorized as an outlier if its absolute DFFITS value exceeds the threshold:  

𝟐√
𝒑 + 𝟏

𝒏
= 𝟐√

𝟒 + 𝟏

𝟓𝟔
= 𝟎. 𝟓𝟗𝟖 
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where 𝒑 represents the number of predictor variables.  

5) Estimating the conventional kernel nonparametric regression model using the Nadaraya-Watson estimator. This 

stage involves selecting the kernel function, computing kernel weights, and choosing the optimal bandwidth via 

cross-validation. 

6) Estimating both the conventional kernel nonparametric regression model and the robust MM kernel 

nonparametric regression model based on the optimal bandwidth. 

7) Evaluating model performance using MSE, RMSE, MAE, and 𝑹𝟐. 

 
IV. RESULTS AND DISCUSSIONS 
A. Descriptive Statistical Analysis 

A descriptive statistical analysis was conducted to provide a general overview of the characteristics of the research 

data, as presented in Table 1. The summary statistics used include the number of observations (N), minimum (Min), 

median, maximum (Max), mean, and standard error (Std. Error).  

 
Table 1 Descriptive Statistics of Research Variables 

Variable N Min Median Max Mean Std. Error 

Stunting (𝑌) 56 7.40 22.10 36.40 22.48 0.82 

Access to improved sanitation (𝑋1) 56 57.71 84.41 97.70 82.83 1.34 

Low birth weight (𝑋2) 56 20.00 304.50 1404.00 396.89 49.94 

Population density (𝑋3) 56 2.00 37.00 1819.42 218.68 59.36 

Poverty rate (𝑋4) 56 2.23 5.41 10.75 5.70 0.27 

 

Based on Table 1, the number of observations across all variables is 56, indicating that the dataset encompasses 56 

regencies/cities in the Kalimantan region. The stunting variable has a minimum value of 7.40 and a maximum value of 

36.40, with a mean of 22.48. This suggests that the prevalence of stunting varies considerably across the regencies/cities 

in Kalimantan. For the access to improved sanitation variable, the mean value of 82.83 indicates that, in general, access 

to sanitation across the regencies/cities in the Kalimantan region is relatively high. However, the minimum value of 57.71 

indicates that there are still areas with relatively low access to sanitation. The low birth weight variable exhibits a 

substantial range, spanning 20.00 to 1404.00, indicating considerable disparities in the number or incidence of low birth 

weight across regions. The population density variable exhibits very high variation, with a minimum of 2.00 and a 

maximum of 1819.42. This illustrates a sharp contrast in regional characteristics between sparsely populated areas and 

highly dense urban areas. Meanwhile, the poverty rate has a mean of 5.70, with a minimum of 2.23 and a maximum of 

10.75. Subsequently, scatterplots were constructed to examine the initial relationships between stunting prevalence and 

each predictor variable, as shown in Figure 1. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
Based on Figure 1, all scatterplots between the response variable (stunting prevalence) and each predictor variable 

exhibit a dispersion of data points that does not form a distinct pattern. The relationships between stunting prevalence 

and access to improved sanitation, low birth weight, population density, and the poverty rate do not demonstrate a clear 

linear trend. Therefore, this study employs a kernel nonparametric regression approach, which offers greater flexibility 

in fitting the underlying data pattern. 

 

Figure 1 Relationship Patterns between Stunting Prevalence and Research Variables 

  
(a) Sanitation Access (b) Low Birth Weight 

  
(c) Population Density (d) Poverty Rate 
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B. Outlier Detection 

An assessment of outliers or influential observations was conducted using DFFITS values to identify observations 

that could affect the stability of the model's estimated results. The presence of extreme observations must be carefully 

considered, as they can cause estimates to become unstable and fail to adequately represent the overall data pattern. An 

observation is categorized as an outlier or an influential observation if its absolute DFFITS value exceeds the 

predetermined threshold. The results of the outlier detection are presented in Table 2. 

 
Table 2 Outlier Detection Results Based on DFFITS Values 

Observation Regency/City DFFITS  Status 

10 Melawi Regency 0.6087 Outlier 

18 Barito Selatan Regency 0.6249 Outlier 

31 Banjar Regency 0.7584 Outlier 

32 Barito Kuala Regency 0.9215 Outlier 

54 Tana Tidung Regency 0.7913 Outlier 

 

Based on Table 2, five regencies are identified as outliers, namely Melawi Regency, South Barito Regency, Banjar 

Regency, Barito Kuala Regency, and Tana Tidung Regency. These five regions exhibit DFFITS values exceeding the 

outlier threshold; hence, their presence could influence the model's estimation results. This condition indicates that 

utilizing conventional kernel regression may produce unstable estimates if the influence of outliers is not controlled. 

Consequently, this study employs a robust MM kernel nonparametric regression approach to mitigate the impact of 

extreme observations without excluding them from the analysis. 

 
C. Optimal Bandwidth Selection 

Optimal bandwidth selection is conducted to determine the smoothness level of the kernel nonparametric regression 

curve. A bandwidth that is too small may cause the model to overfit the data, whereas an excessively large bandwidth 

may fail to capture local patterns adequately. The optimal bandwidth was selected using an exhaustive four-dimensional 

grid search. Ten candidate bandwidth values, ranging from 0.2 to 3.8 in increments of 0.4, were evaluated for each 

predictor. Therefore, 104 (10000) bandwidth combinations were assessed for each kernel weighting function, namely 

Epanechnikov, Gaussian, and Uniform. The optimal combination was determined based on the minimum CV value. 

Table 3 presents the three bandwidth combinations with the lowest CV values for each kernel weighting function. 

 
Table 3 Optimal Bandwidth Selection Based on Kernel Weighting Functions 

Kernel Weighting Function 𝒉𝟏 𝒉𝟐 𝒉𝟑 𝒉𝟒 CV 

Epanechnikov 

0.6 0.2 0.2 0.6 0.3457 

0.6 0.2 1.0 1.0 0.3462 

0.6 0.2 1.4 0.6 0.3473 

Gaussian 

0.2 0.2 0.6 0.2 0.3492 

0.2 0.2 2.6 0.2 0.3512 

0.6 0.2 2.1 0.2 3578 

Uniform  

0.6 0.2 0.6 0.2 0.3453 

0.6 0.2 0.2 1.4 0.3457 

1.0 0.2 0.2 0.6 0.3459 

 

Based on Table 3, the minimum CV value of 0.3453 is obtained using the Uniform weighting function combined with 

the bandwidths ℎ1 = 0.6, ℎ2 = 0.2, ℎ3 = 0.6, and ℎ4 = 0.2. This indicates that this specific combination constitutes the 

optimal bandwidth for the kernel nonparametric regression model. Consequently, the Uniform weighting function is 

employed in the subsequent modeling stage because it yields the lowest validation error among the Epanechnikov and 

Gaussian weighting functions. 

 
D. Robust Kernel Nonparametric Regression 

The robust MM kernel nonparametric regression model in this study, in accordance with (1), can be expressed as 

follows. 
𝑌𝑖 = 𝑚(𝑋1𝑖 , 𝑋2𝑖 , 𝑋3𝑖 , 𝑋4𝑖) + 𝜀𝑖 , 𝑖 = 1,2, … ,56 

where 𝑌𝑖 represents the stunting prevalence in the 𝑖-th regency/city, 𝑋1𝑖 is the access to improved sanitation, 𝑋2𝑖 is the 

low birth weight, 𝑋3𝑖 is the population density, and 𝑋4𝑖 is the poverty rate. The function 𝑚(⋅) is an unknown regression 

function estimated using the robust MM kernel approach. In accordance with (20), the robust MM kernel nonparametric 

regression estimator can be expressed as follows. 
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𝑚̂𝑀𝑀(𝐱) =
∑ 𝐾𝐻
𝑛
𝑖=1 (𝐱 − 𝐗𝑖)𝑤𝑖

𝑀𝑀𝑌𝑖
∑ 𝐾𝐻
𝑛
𝑖=1 (𝐱 − 𝐗𝑖)𝑤𝑖

𝑀𝑀  

where 

𝐾𝐻(𝐱 − 𝐗𝑖) =∏𝐾

4

𝑗=1

(
𝑥𝑗 − 𝑋𝑗𝑖

ℎ𝑗
) 

The best-performing kernel weighting function utilized is the Uniform Kernel with an optimal bandwidth 

combination of ℎ1 = 0.6, ℎ2 = 0.2, ℎ3 = 0.6, and ℎ4 = 0.2, enabling the estimated model for stunting prevalence to be 

expressed as follows. 

𝑌̂𝑖 =
∑ 𝐾𝐻
56
𝑘=1 (𝐗𝑖 − 𝐗𝑘)𝑤𝑘

𝑀𝑀𝑌𝑘
∑ 𝐾𝐻
56
𝑘=1 (𝐗𝑖 − 𝐗𝑘)𝑤𝑘

𝑀𝑀  

where 𝑤𝑘
𝑀𝑀represents the robust MM weights assigned based on the magnitude of the residuals. Observations with large 

residuals will receive smaller weights, whereas observations that follow the general pattern of the data will receive larger 

weights. Consequently, the resulting model remains capable of capturing local data patterns via the kernel weights while 

demonstrating enhanced resilience to outliers via the robust MM weights. The estimation results of the robust MM kernel 

nonparametric regression model are displayed in Figure 2.  

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
 

Based on Figure 2, the estimation results for both the nonparametric kernel regression and the robust MM kernel 

regression generally track the fluctuating patterns of the actual stunting prevalence across the observed regencies/cities 

in Kalimantan. The estimation curve of the robust MM kernel model lies relatively close to the actual values, indicating 

that the model flexibly captures variation in the stunting data. Furthermore, integrating the robust MM approach enables 

the model to mitigate the influence of extreme observations previously identified by DFFITS values. Consequently, the 

robust MM kernel regression provides more stable estimates for depicting stunting prevalence patterns than conventional 

nonparametric kernel regression, particularly when dealing with data containing outliers or influential observations. 

 
E. Model Evaluation 

Model evaluation was conducted to assess the model's ability to estimate stunting prevalence in Kalimantan. The 

evaluation metrics employed include Mean Squared Error (MSE), Root Mean Squared Error (RMSE), Mean Absolute 

Error (MAE), and the coefficient of determination (𝑅2). Lower MSE, RMSE, and MAE values signify a lower estimation 

error rate, whereas a higher 𝑅2 value indicates a superior capability of the model in explaining the variance in stunting 

prevalence. 
Table 4 Model Evaluation of Kernel and Robust Kernel  

Goodness of Fit Uniform Kernel Robust Uniform Kernel 

MSE 7.1515 2.0556 

RMSE 2.6742 1.4337 

MAE 1.6816 0.6581 

R2 0.8061 0.9510 

Based on Table 4, the Robust Uniform Kernel model outperforms the Uniform Kernel model. This is evident from its 

lower MSE, RMSE, and MAE values. The Uniform Kernel model yields an MSE of 7.1515, an RMSE of 2.6742, and an 

MAE of 1.6816, whereas the Robust Uniform Kernel model produces an MSE of 2.0556, an RMSE of 1.4337, and an MAE 

Figure 2 Comparison of Kernel and Robust Kernel Regression Estimates 
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of 0.6581. Furthermore, the 𝑅2 value increases from 0.8061 for the Uniform Kernel to 0.9510 for the Robust Uniform 

Kernel. These results indicate that incorporating the robust approach improves the in-sample fit of stunting prevalence 

estimates and yields a superior model for explaining variance in the data, particularly in the presence of outliers or 

influential observations. The model's predictive performance was not evaluated on an independent test sample due to 

the limited number of observations. Therefore, the reported performance measures represent in-sample model fit and 

may be optimistic. Future studies should assess the model's generalizability using larger datasets and out-of-sample 

validation procedures.

V. CONCLUSIONS AND SUGGESTIONS 
This study demonstrates that robust MM kernel nonparametric regression can be effectively utilized to model 

stunting prevalence across the Kalimantan region. The bandwidth selection process reveals that the Uniform Kernel 

weighting function yields the minimum CV value, leading to its adoption in the modeling stage. Based on the model 

evaluation, the Robust Uniform Kernel outperforms the conventional Uniform Kernel, achieving an MSE of 2.0556, an 

RMSE of 1.4337, an MAE of 0.6581, and an 𝑹𝟐 of 0.9510. The lower estimation errors alongside the higher 𝑹𝟐 value 

confirms that integrating the robust MM method successfully improves model accuracy in estimating stunting 

prevalence. Consequently, robust MM kernel nonparametric regression provides a flexible and stable alternative for 

modeling stunting, especially when dealing with nonlinear relationship patterns and data containing outliers.  

Future research is recommended to incorporate additional relevant predictor variables, such as maternal education, 

exclusive breastfeeding coverage, access to healthcare services, immunization, food security, and environmental factors. 

Furthermore, model development could be extended by incorporating spatial aspects, given that regency/city-level 

stunting data potentially exhibit interregional dependencies. Comparisons with alternative methods, such as robust 

splines, robust local polynomials, or machine learning approaches, could also be explored to develop a more 

comprehensive model for explaining the variance in stunting in Kalimantan. 
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  s = s (   e 1 ,   e 2 , … ,   e  n )


      𝛽 ^  M M = arg ⁡   min ⁡  𝛽   ∑  i = 1  n    𝜌 1  (     y  i −   x  i  T 𝛽  s )


    𝜌 1


    m ^ ( x ) =     ∑  i = 1  n    K h ( x −   X  i )   Y  i    ∑  i = 1  n    K h ( x −   X  i )


      m ^  M M ( x ) =     ∑  i = 1  n    K h ( x −   X  i )   w  i  M M   Y  i    ∑  i = 1  n    K h ( x −   X  i )   w  i  M M


    w  i  M M


  i


    e  i =   Y  i −   m ^ (   X  i )


  s


    u  i =     e  i  s


    w  i  M M =   𝜓 (   u  i )    u  i


  𝜓 (   u  i )


    w  i  M M =  {       [ 1 −     (     u  i  c ) 2 ] 2 ,  ∣   u  i ∣ ≤ c   0 ,  ∣   u  i ∣ > c


  c


  ∣   u  i ∣


  c


  ∣   u  i ∣ > c


   (   R 2 )


  M S E =  1  n   ∑  i = 1  n (   Y  i −     Y ^  i  ) 2


  R M S E =   1  n   ∑  i = 1  n (   Y  i −     Y ^  i  ) 2


  M A E =  1  n   ∑  i = 1  n ∣   Y  i −     Y ^  i ∣


   (   R 2 )


    R 2


    R 2 = 1 −     ∑  i = 1  n (   Y  i −     Y ^  i  ) 2    ∑  i = 1  n (   Y  i −   Y ˉ  ) 2


    Y  i


      Y ^  i


    Y ˉ


    R 2


   ( 𝒀 )


   (   𝑿  𝟏 )


   (   𝑿  𝟐 )


   (   𝑿  𝟑 )


   (   𝑿  𝟒 )


   ( 𝒀 )


   (   𝑿  𝟏 )


   (   𝑿  𝟐 )


   (   𝑿  𝟑 )


   (   𝑿  𝟒 )


  𝟐    𝒑 + 𝟏  𝒏 = 𝟐    𝟒 + 𝟏  𝟓 𝟔 = 𝟎 . 𝟓 𝟗 𝟖


  𝒑


    𝑹  𝟐


   ( Y )


  (   X 1 )


  (   X 2 )


  (   X 3 )


  (   X 4 )


    𝒉  𝟏


    𝒉  𝟐


    𝒉  𝟑


    𝒉  𝟒


   h 1 = 0 . 6


   h 2 = 0 . 2


   h 3 = 0 . 6


   h 4 = 0 . 2


    Y  i = m  (   X  1 i ,     X  2 i ,   X  3 i ,   X  4 i ) +   𝜀  i ,     i = 1 , 2 , … , 56


    Y  i


  i


    X  1 i


    X  2 i


    X  3 i


    X  4 i


  m ( ⋅ )


      m ^  M M ( 𝐱 ) =     ∑  i = 1  n    K  H ( 𝐱 −   𝐗  i )   w  i  M M   Y  i    ∑  i = 1  n    K  H ( 𝐱 −   𝐗  i )   w  i  M M


    K  H ( 𝐱 −   𝐗  i ) =   ∏  j = 1 4  K  (     x  j −   X  j i   h  j )


   h 1 = 0 . 6 ,  h 2 = 0 . 2 ,  h 3 = 0 . 6 ,


   h 4 = 0 . 2


      Y ^  i =     ∑  k = 1 56    K  H (   𝐗  i −   𝐗  k )   w  k  M M   Y  k    ∑  k = 1 56    K  H (   𝐗  i −   𝐗  k )   w  k  M M


    w  k  M M


   (   R 2 )


    R 2


    R 2


    𝑹  𝟐


    𝑹  𝟐

